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In this paper we analyse the vibrations of an N-stepped Rayleigh bar with sections of complex geometry, supported by
end lumped masses and springs. Equations of motion and boundary conditions are derived from the Hamilton’s varia-
tional principal. The solutions for tapered and exponential sections are given. Two types of orthogonality for the eigen-
functions are obtained. The analytic solution to the N-stepped Rayleigh model is constructed in terms of Green function.
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To model the mechanical vibrations in acoustical transducers, wave equation are often used for description
of the eﬀects of wave propagation, supposing that the sections have lengths much longer than the character-
istic dimension of a cross-section. In this approach, the lateral eﬀects are neglected in comparison to the major
longitudinal vibrations. It was shown by Rayleigh (see [1]) that the error caused by ignoring the lateral motion,
is proportional to the square ratio of the characteristic radius of a cross-section to the bar’s length. For proper
investigation of longitudinal vibrations of an N-stepped bar, it is necessary to take into account the lateral
eﬀects. In the present paper one-dimensional longitudinal vibrations of an N-stepped bar with non-uniform
cross-sections, supported by end lumped masses and springs, is considered in the frames of Rayleigh theory,
where the eﬀects of lateral inertial are considered.0307-904X/$ - see front matter  2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.apm.2006.10.028
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2 I. Fedotov et al. / Applied Mathematical Modelling 32 (2008) 1–11Equations of motion and boundary conditions for the vibrations of Rayleigh bar with cross-sections of
complex geometry, are derived from the Lagrangian and the Hamilton’s variational principle (cf [2]). The
eigenvalues are found from the characteristic system, and two sorts of orthogonality exist for the eigenfunc-
tions. The exact solutions for sections with particular geometry are found. For example, in the case of a
tapered section, the solution is obtained in terms of the Legendre functions of the ﬁrst and second kind. In
the case of an exponential section the solution is obtained in terms of the Gauss hypergeometric functions.
Hence, we obtained two absolutely new cases of exact integration of equations of motion of the mechanical
system which are described in terms of partial diﬀerential equations. It is signiﬁcant to note that the exact solu-
tion to the Rayleigh equation is of a great interest even in the case of a one section bar.
In the sequel we construct the analytical solution to the N-stepped Rayleigh problem in terms of a Green
function. The proposed theoretical analytical approach diﬀers from the FE simulation approach, the latter
being an experimental method, namely the numerical experiment with discrete idealized models. Without
doubt the problem could be solved by using the available FE software technology but we strongly believe that
the best way to solve any problem of mathematical physics is to use an analytical method. In most cases by
‘‘analytical solution’’ we mean a solution expressed in terms of the Green function. The major advantage of an
analytical solution is its easy, transparent and accurate analysis of the physical nature of a problem. If a purely
analytical method is not available we can also try to use a combination of analytical approximations with
numerical methods.
In greater detail, the main idea of using the analytical approach and our motivations are as follows:
1. Existing one-dimensional ﬁnite elements for analysis of longitudinal vibrations of solid bars are based on
the model of wave equation and do not take into consideration the eﬀects of lateral inertia.
2. Existing two-dimensional axisymmetric ﬁnite elements as well as three-dimensional elements give redun-
dant information on vibration of multi-stepped structure, which is very important on the stage of practical
realization of transducer design. However it is not always necessary on a preliminary stage of the solid state
waveguides and transducers design, such as underwater acoustic transducers of Tonpilz type, power ultra-
sound transducers for sonochemistry and medical applications, etc.
3. The proposed analytical approach constitutes a substantial progress in the designing methods in compar-
ison with the traditional techniques (see, for example, [3]).
4. Available commercial FE software is not properly suited for the purposes of transducers optimization. It
does not give versatile tools to designer for fast and easy changing of geometrical and physical parameters
of the model and takes substantial time for the ‘‘preprocessing – calculation – post-processing’’ cycle (min-
utes instead of seconds taken by the proposed analytical approach!). Last but not least this software is very
expensive for small companies dealing with design and manufacturing of transducers in the countries of the
third world, for example, in Africa. The proposed analytical approach is most appropriate for the purposes
of the transducers optimization and available as a simple and fast interactive exe-ﬁle for design of powerful
transducers.
Finally, an example of forced vibration of a three-stepped Rayleigh bar is given. Seven eigenvalues are deter-
mined and corresponding non-smooth eigenfunctions are drawn. It is shown that the convergence is very fast
because the reaction of the bar is practically the same as in the cases of three, ﬁve and seven eigenfunctions.2. Equation with boundary conditions, eigenvalues and eigenfunctions, orthogonality of eigenfunctions
2.1. Equation of motion of an N-stepped Rayleigh bar with sections of complex geometry
Let us consider the longitudinal vibrations of an N-stepped bar with sections of complex geometry (Fig. 1):
Suppose that the length of each section of the bar is comparable with the linear dimension of its cross-sec-
tion, and the left and right ends of each section is attached to a rigid medium by lumped masses and springs
(Kj,Mj). The N-stepped bar is excited by a distributed force F(x, t). We denote the longitudinal displacements
of the stepped bar by u = u(x, t). In the present paper, the eﬀects of lateral inertias are taken into consider-
Fig. 1. N-stepped Rayleigh bar.
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Ij – polar moment of inertia.
Taking into account the inﬂuence of the lumped masses and springs, the Lagrangian for the Rayleigh model
is given as follows:KðtÞ ¼ 1
2
Z LN
0
½qA _u2 þ qv2Ið _u0Þ2  EAðu0Þ2dxþ
Z LN
0
F ðx; tÞuðx; tÞdx
þ 1
2
XN
j¼1
½Mj _u2ðLj1; tÞ  Kju2ðLj1; tÞ þ 1
2
MNþ1 _u2ðLN ; tÞ  1
2
KNþ1u2ðLN ; tÞ: ð2:1ÞApplying Hamilton principle to (2.1), the following equation of motion can be obtained:o
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 
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 
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qðxÞv2ðxÞIðxÞ o
3u
ot2ox
 
¼ F ðx; tÞ: ð2:2ÞWe note that equations of motion of each section of the Rayleigh bar comply with Eq. (2.2), that is, for each
section we have the following equation:qjAj
o2uj
ot2
 o
ox
EjAj
ouj
ox
 
 o
ox
qjv
2
j I j
o3uj
ot2ox
 
¼ F jðx; tÞ; ð2:3Þsupposing thatu ¼ uðx; tÞ ¼
XN
j¼1
ujðx; tÞDHjðxÞ;
DHjðxÞ ¼ Hðx Lj1Þ  Hðx LjÞ; HðxÞ 1 xP 00 x < 0

ðHeaviside functionÞ
qðxÞ ¼
XN
j¼1
qjðxÞDHjðxÞ; EðxÞ ¼
XN
j¼1
EjðxÞDHjðxÞ;
vðxÞ ¼
XN
j¼1
vjðxÞDHjðxÞ; AðxÞ ¼
XN
j¼1
AjðxÞDHjðxÞ;
IðxÞ ¼
XN
j¼1
IjðxÞDHjðxÞ; F ðx; tÞ ¼
XN
j¼1
F jðx; tÞDHjðxÞ:
ð2:4Þ
4 I. Fedotov et al. / Applied Mathematical Modelling 32 (2008) 1–11The boundary conditions could be derived by the variation principle as follows:x ¼ 0 : E1A1ð0Þu01ð0; tÞ þ q1v21I1€u01ð0; tÞ  ½M1€u1ð0; tÞ þ K1u1ð0; tÞ ¼ 0;
x ¼ Lj : ujðLj; tÞ  ujþ1ðLj; tÞ ¼ 0 ðj ¼ 1; 2; . . . ;N  1Þ;
EjAjðLjÞu0jðLj; tÞ þ qjv2j I j€u0jðLj; tÞ þ ½Mjþ1€ujþ1ðLj; tÞ þ Kjþ1ujþ1ðLj; tÞ
¼ Ejþ1Ajþ1ðLjÞu0jþ1ðLj; tÞ þ qjþ1v2jþ1Ijþ1€u0jþ1ðLj; tÞ;
x ¼ LN : ENAN ðLN Þu0N ðLN ; tÞ þ qNv2N IN€u0N ðLN ; tÞ þMNþ1€uNðLN ; tÞ þ KNþ1uN ðLN ; tÞ ¼ 0;
ð2:5Þand the initial conditions for (2.2) and (2.3) are given respectively:uðx; 0Þ ¼ gðxÞ; _uðx; 0Þ ¼ hðxÞ;
ujðx; 0Þ ¼ gjðxÞ; _ujðx; 0Þ ¼ hjðxÞ ðj ¼ 1; 2; . . . ;NÞ:
ð2:6ÞAssumeuðx; tÞ ¼ uðxÞeixt; x > 0; i2 ¼ 1
is the solution to the homogeneous equation corresponding to (2.2). By the method of separation of variables,
the following Sturm–Liouville equation corresponding to each eigenvalue xk can be obtained:d
dx
EA x2kqv2I
 
u0k
	 
þ x2kqAuk ¼ 0: ð2:7ÞLetukðxÞ ¼
XN
j¼1
X ðkÞj ðxÞDHjðxÞ; ð2:8Þwhere X ðkÞj is the solution to the homogeneous problem for each section, that is, X
ðkÞ
j satisﬁes the following
Sturm–Liouville equation:d
dx
EjAj  x2kqjv2j I j
  dX ðkÞj
dx
" #
þ x2kqjAjX ðkÞj ¼ 0 ð2:9Þwith the boundary conditions for jth sectionx ¼ 0 : E1A1  x2kq1v21I1
 dX ðkÞ1
dx

x¼0
 K1  x2kM1
 
X ðkÞ1 ð0Þ ¼ 0;
x ¼ Lj : X ðkÞj ðLjÞ ¼ X ðkÞjþ1ðLjÞ ðj ¼ 1; 2; . . . ;N  1Þ;
EjAj  x2kqjv2j I j
 dX ðkÞj
dx

x¼Lj
¼ Ejþ1Ajþ1  x2kqjþ1v2jþ1Ijþ1
 dX ðkÞjþ1
dx

x¼Lj
 Kjþ1  x2kMjþ1
 
X ðkÞjþ1ðLjÞ;
x ¼ LN : ENAN  x2kqNv2N IN
 dX ðkÞN
dx

x¼LN
þ KNþ1  x2kMNþ1
 
X ðkÞN ðLNÞ ¼ 0:
ð2:10Þ
2.2. Eigenvalues and eigenfunctions
Generally, X ðkÞj ðxÞ can be written in a form as follows:
X ðkÞj ðxÞ ¼ aðkÞj X ðkÞ1j ðx;xkÞ þ bðkÞj X ðkÞ2j ðx;xkÞ; ð2:11Þwhere aðkÞj ; b
ðkÞ
j are arbitrary constants, X
ðkÞ
1j ;X
ðkÞ
2j are independent solutions to (2.9). Substituting (2.11) into
(2.10), to seek non-trivial solution for the resulting system, we demand the determinant of coeﬃcients to be
zero, that is, we obtain the characteristic equationDðxkÞ ¼ 0: ð2:12Þ
I. Fedotov et al. / Applied Mathematical Modelling 32 (2008) 1–11 5Here aðkÞ1 ¼ 1 and bðkÞ1 , aðkÞj ; bðkÞj ðj ¼ 2; . . .NÞ are derived from the ﬁrst 2N  1 equations of system (2.10) for
every particular eigenvalue xk.
Particularly, if the Rayleigh bar has constant cross-sections, it is easy to ﬁnd the solution to (2.7) as follows:ukðxÞ ¼
XN
j¼1
aðkÞj cos k
ðkÞ
j ðx Lj1Þ
h i
þ bðkÞj sin kðkÞj ðx Lj1Þ
h in o
DHjðxÞ ¼
XN
j¼1
X ðkÞj ðxÞDHjðxÞ;wherekðkÞj ¼ xk
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qjAj
EjAj  x2kqjv2j I j
s
ðj ¼ 1; 2; . . . ;NÞ:It is also possible to ﬁnd the solution to (2.9) in explicit form for some special geometry of the sections, such
as a tapered or exponential bar, by introducing new variables.
For example, for a tapered section, A(x) = a(x  xp)2, I(x) = b(x  xp)4, where xp is the coordinate of the
cone’s vertex, and a, b are constants, for example, for a solid circular cross-section a = p, b ¼ p
2
. We introduce
new variables z ¼ xv
ﬃﬃﬃﬃ
bq
aE
q
ðx xpÞ, Y(z) = zX(z). It follows from (2.9) that we obtain the Legendre equationðz2  1ÞY 00ðzÞ þ 2zY 0ðzÞ  nðnþ 1ÞY ðzÞ ¼ 0;
wheren ¼  1
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9
4
þ a
bv2
r
:In the sequence, the general solution to (2.9) can be written as follows:X ðxÞ ¼ C1
Pn xv
ﬃﬃﬃﬃ
bq
aE
q
x xp
 h i
x xp þ C2
Qn xv
ﬃﬃﬃﬃ
bq
aE
q
x xp
 h i
x xp ;where Pn and Qn are the Legendre functions of the ﬁrst and second kind, correspondingly, the parameter
xv
ﬃﬃﬃﬃ
bq
aE
q
< 1 due to restrictions on circular frequency x in the Rayleigh model.
Speciﬁcally for an exponential section, AðxÞ ¼ ae2aðxxpÞ, IðxÞ ¼ be4aðxxpÞ. We introduce a new variable
z ¼ bx2qv2aE e2aðxxpÞ and let Y(z) = zkX(z), where k satisﬁes the equationk2 þ kþ qx
2
4Ea2
ﬃﬃﬃ
b
a
r
¼ 0:The resulting equation corresponding to (2.9) can be represented in the form of Gauss hypergeometric equa-
tion as follows:zðz 1ÞY 00 þ zð2kþ 3Þ  2ðkþ 1Þ½ Y 0 þ kðkþ 2ÞzY ¼ 0:Hence the solution to (2.9) can be written asX ðxÞ ¼ C3e2ak1ðxxpÞ2F 1 k1; k1 þ 2; 2ðk1 þ 1Þ; bx
2qv2
aE
e2aðxxpÞ
 
þ C4e2ak2ðxxpÞ2F 1 k2; k2 þ 2; 2ðk2 þ 1Þ; bx
2qv2
aE
e2aðxxpÞ
 
;where 2F1 is Gauss hypergeometric function. Note that
bx2qv2
aE e
2aðxxpÞ < 1, otherwise the Rayleigh model is not
true.
For more general or complicated case, the approximation or numerical method can be used to ﬁnd the
eigenfunctions.
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Given two eigenfunctions um(x) and un(x) corresponding to diﬀerent eigenvalues xm and xn respectively, it
is not diﬃcult to prove that the eigenfunctions for (2.7) with the boundary conditions (2.10) have two sorts of
orthogonality. The ﬁrst type of orthogonality is given as follows:Z LN
0
qðxÞAðxÞumun þ qðxÞv2ðxÞIðxÞu0mu0n
	 

dxþ
XN
j¼1
MjumðLj1ÞunðLj1Þ þMNþ1umðLN ÞunðLN Þ ¼ 0:
ð2:13ÞWe remark that when m = n, thenkumk2q ¼
Z LN
0
qAu2m þ qv2I u0m
 2h i
dxþ
XN
j¼1
Mju2mðLj1Þ þMNþ1u2mðLN Þ > 0: ð2:14ÞThe second type of orthogonality can be obtained as follows:Z LN
0
EAu0mu
0
ndxþ
XN
j¼1
KjumðLj1ÞunðLj1Þ þ KNþ1umðLN ÞunðLN Þ ¼ 0: ð2:15ÞFurthermore we havekumk2E ¼
Z LN
0
EA u0m
 2
dxþ
XN
j¼1
Kju2mðLj1Þ þ KNþ1u2mðLN ÞunðLN Þ > 0: ð2:16Þ3. Solution of the problem
Given the Rayleigh equation (2.2), we can write the solution to (2.2) as a Fourier seriesuðx; tÞ ¼
X1
k¼1
ukðtÞukðxÞ; ð3:1Þwhere uk(t) needs to be determined. Substituting the following expressions:uðx; tÞ ¼
Xn
k¼1
ukðtÞukðxÞ; _uðx; tÞ ¼
Xn
k¼1
_ukðtÞukðxÞ;
_u0ðx; tÞ ¼
Xn
k¼1
_ukðtÞu0kðxÞ; u0ðx; tÞ ¼
Xn
k¼1
ukðtÞu0kðxÞ
ð3:2Þinto the Lagrangian given by (2.1), we obtainK ¼ 1
2
Z LN
0
qA
Xn
k¼1
_u2ku
2
k þ 2
Xn
k<m
_uk _umukum
 !
þ qv2I
Xn
k¼1
_u2k u
0
k
 2 þ 2Xn
k<m
_uk _umu0ku
0
m
 !"
EA
Xn
k¼1
u2k u
0
k
 2 þ 2Xn
k<m
ukumu0ku
0
m
 !#
dxþ 1
2
XN
j¼1
Mj
Xn
k¼1
_u2ku
2
kðLj1Þ þ 2
Xn
k<m
_uk _umukðLj1ÞumðLj1Þ
" #(
Kj
Xn
k¼1
u2ku
2
kðLj1Þ þ 2
Xn
k<m
ukumukðLj1ÞumðLj1Þ
" #)
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2
MNþ1
Xn
k¼1
_u2ku
2
kðLN Þ þ 2
Xn
k<m
_uk _umukðLN ÞumðLNÞ
" #
 1
2
KNþ1
Xn
k¼1
u2ku
2
kðLN Þ þ 2
Xn
k<m
ukumukðLNÞumðLNÞ
" #
þ
Xn
k¼1
Z LN
0
F ðx; tÞukðtÞukðxÞdx;which satisﬁes the diﬀerential equationd
dt
oK
o _uk
 
 oK
ouk
¼ 0: ð3:3ÞWe compute oKo _uk and
oK
ouk
for each k (k = 1,2, . . . ,n), using the orthogonality of both types in (2.13) and (2.15).
Substituting the results into (3.3), we obtain€ukðtÞ þ X2kukðtÞ ¼ F kðtÞ; k ¼ 1; 2; . . . ; ð3:4ÞwhereX2k ¼
kukk2E
kukk2q
; f kðtÞ ¼
1
kukk2q
Z LN
0
F ðx; tÞukðxÞdx: ð3:5ÞWe solve the Eq. (3.5) with the initial conditionsuðx; 0Þ ¼
X1
k¼1
ukð0ÞukðxÞ ¼ gðxÞ; _uðx; 0Þ ¼
X1
k¼1
_ukð0ÞukðxÞ ¼ hðxÞ: ð3:6ÞSinceZ LN
0
EðxÞAðxÞg0ðxÞu0mðxÞdxþ
XN
j¼1
KjgðLj1ÞumðLj1Þ þ KNþ1gðLN ÞumðLNÞ
¼
X1
k¼1
ukð0Þ
Z LN
0
EAu0ku
0
mdxþ
XN
j¼1
KjumðLj1ÞukðLj1Þ þ KNþ1ukðLN ÞumðLN Þ
" #it follows (2.13)–(2.16) thatukð0Þ ¼ 1kukk2E
Z LN
0
EðxÞAðxÞg0ðxÞu0kðxÞdxþ
1
kukk2E
XN
j¼1
KjgðLj1ÞukðLj1Þ þ KNþ1gðLNÞukðLN Þ: ð3:7ÞAnalogously we can obtain that_ukð0Þ ¼ 1kukk2E
Z LN
0
EðxÞAðxÞh0ðxÞu0kðxÞdxþ
1
kukk2E
XN
j¼1
KjhðLj1ÞukðLj1Þ þ KNþ1hðLN ÞukðLN Þ: ð3:8ÞSolving the Eq. (3.4) with the initial conditions (3.7) and (3.8), we haveukðtÞ ¼ ukð0Þ cosðXktÞ þ 1Xk _ukð0Þ sinðXktÞ þ
1
Xkkukk2q
Z t
0
sin½Xkðt  sÞF kðsÞds: ð3:9Þ
8 I. Fedotov et al. / Applied Mathematical Modelling 32 (2008) 1–11Finally we can obtain the solution written in terms of a Green function as follows:uEðx; tÞ ¼
Z LN
0
EðyÞAðyÞg0ðyÞ o
2GEðx; y; tÞ
otoy
dy þ
Z LN
0
EðyÞAðyÞh0ðyÞ oGEðx; y; tÞ
oy
dy
þ
XN
j¼1
KjgðLj1Þ oGEðx; Lj1; tÞot þ KNþ1gðLNÞ
oGEðx; LN ; tÞ
ot
þ
XN
j¼1
KjhðLj1ÞGEðx; Lj1; tÞ þ KNþ1hðLN ÞGEðx; LN ; tÞ 
Z t
0
Z LN
0
F ðy; sÞ o
2GEðx; y; t  sÞ
ot2
dy ds;
ð3:10Þ
whereGEðx; y; tÞ ¼
X1
k¼1
1
Xkkukk2E
ukðxÞukðyÞ sinðXktÞ: ð3:11ÞWe remark that an alternative structure of solution can be obtained as follows:uqðx; tÞ ¼
Z LN
0
qðyÞAðyÞgðyÞ oGqðx; y; tÞ
ot
dy þ
Z LN
0
qðyÞv2ðyÞIðyÞg0ðyÞ o
2Gqðx; y; tÞ
otoy
dy
þ
Z LN
0
qðyÞAðyÞhðyÞGqðx; y; tÞdy þ
Z LN
0
qðyÞv2ðyÞIðyÞh0ðyÞ oGqðx; y; tÞ
oy
dy
þ
XN
j¼1
MjgðLj1Þ oGqðx;Lj1; tÞot þMNþ1gðLN Þ
oGqðx; LN ; tÞ
ot
þ
XN
j¼1
MjhðLj1ÞGqðx; Lj1; tÞ
þ KNþ1hðLN ÞGqðx; LN ; tÞ þ
Z t
0
Z LN
0
F ðy; sÞGqðx; y; t  sÞdy ds; ð3:12ÞwhereGqðx; y; tÞ ¼
X1
k¼1
1
Xkkukk2q
ukðxÞukðyÞ sinðXktÞ ð3:13Þand the initial conditions are given as follows:ukð0Þ ¼ 1kukk2q
Z LN
0
qðxÞAðxÞgðxÞukðxÞ þ v2ðxÞIðxÞg0ðxÞu0kðxÞ
	 

dxþ 1kukk2q
XN
j¼1
MjgðLj1ÞukðLj1Þ
þMNþ1gðLNÞukðLN Þ ð3:14Þ
and_ukð0Þ ¼ 1kukk2q
Z LN
0
qðxÞAðxÞhðxÞukðxÞ þ v2ðxÞIðxÞh0ðxÞu0kðxÞ
	 

dxþ 1kukk2q
XN
j¼1
MjgðLj1ÞukðLj1Þ
þMNþ1gðLNÞukðLN Þ: ð3:15Þ4. Example
Let us consider a three-stepped bar (Fig. 2) with the following parameters: mass densities are
q1 = 7.85 · 103 kg/m3, q2 = 2.7 · 103 kg/m3, q3 = 8.4 · 103 kg/m3; modules of elasticity are E1 = 200 ·
109 Pa, E2 = 70 · 109 Pa, E3 = 100 · 109 Pa; Poisson ratios are v1 = 0.30, v2 = 0.33, v3 = 0.34; radii of the
L1
L2
L3
I II
III
x
Fig. 2. Three-stepped bar.
I. Fedotov et al. / Applied Mathematical Modelling 32 (2008) 1–11 9sections are: a1 = 0.05 m, a2 = 0.03 m, a3 = 0.075 m, and coordinates of the section’s junctions are:
L1 = 0.05 m, L2 = 0.22 m, L3 = 0.35 m.
Solving characteristic equation (2.12), the following eigenvalues have been obtained (only seven eigenvalues
are listed here): f1 = 1.36279 · 103 Hz, f2 = 11.6796 · 103 Hz, f3 = 12.6405 · 103 Hz, f4 = 19.4619 · 103 Hz,
f5 = 21.6106 · 103 Hz, f6 = 24.3707 · 103 Hz, f7 = 26.4724 · 103 Hz. All eigenvlaues are restricted by the lim-
iting upper value flim = 30.4548 · 103 Hz (see Figs. 3 and 4).
Suppose that the system is excited by a force, which is applied to the second section according to the rule
F ðx; tÞ ¼ wðtÞ xL1L2L1, where w(t) is a wave packet (Fig. 5).
Solution of the problem, which is represented by a truncation series, composed of seven eigenfunctions, is
shown in Fig. 6. Diﬀerence between this solution and solution, represented by three eigenfunctions is shown in
Fig. 7 and the diﬀerence between the solution (Fig. 6) and solution, represented by ﬁve eigenfunctions is shown
in Fig. 8.0 0.1 0.2 0.3
–1
0
11
1−
φΦ1i
φΦ2i
φΦ3i
φΦ4i
0.350 xi
Fig. 3. The ﬁrst, second, third and fourth eigenfunctions.
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–1
0
10.81019
1−
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0.350 xi
Fig. 4. The ﬁfth, sixth and seventh eigenfunctions.
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Fig. 5. Wavepacket, exciting the bar.
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Fig. 6. Motion of the front face of the bar (x = L3).
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Fig. 7. Diﬀerence between the solutions, composed by seven and three eigenvalues.
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Fig. 8. Diﬀerence between the solutions, composed by seven and ﬁve eigenvalues.
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I. Fedotov et al. / Applied Mathematical Modelling 32 (2008) 1–11 11Fig. 7 shows that amplitude of diﬀerence of the solution, which is represented by three eigenvalues, is not
more than 2% comparison to the solution, which is represented by seven eigenvalues. Fig. 8 shows that ampli-
tude of diﬀerence of the solution, which is represented by ﬁve eigenvalues, is not more than 0.2% comparison
to the solution, which is represented by seven eigenvalues. The convergence of the solution is appropriate due
to the resonance behavior of the Rayleigh bar excitation.
5. Conclusions
We have derived the equations of motion and boundary conditions of a multi-stepped Rayleigh bar with
sections of complex geometry from the Hamilton variational principle. Characteristic equation for determina-
tion of the eigenvalues has been formulated and continuous non-smooth eigenfunctions have been introduced.
Two exact solutions of the equations of motions of the Rayleigh bar have been obtained: for tapered sections
in terms of the Legendre functions and for exponential sections in terms of the Gauss hypergeometric func-
tions. Two types of orthogonality of the non-smooth eigenfunctions have been considered and solutions of
the problem have been formulated on the basis of the Green functions. Example of a three-stepped bar has
been considered for which the corresponding eigenvalues and eigenfunctions have been calculated and the
accuracy of the solution have been estimated.
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